Abstract. We provide a path-space integral representation of the semigroup associated with the quadratic form obtained by lower order perturbation of a symmetric local Dirichlet form. The representation is a combination of Feynman-Kac and Girsanov formulas, and extends previously known results in the framework of symmetric diffusion processes through the use of the Hardy class of smooth measures, which contains the Kato class of smooth measures.
Introduction
Let X = (Ω, F, F t , X t , P x ) be a symmetric Markov diffusion processes with state space E and symmetry measure m. Let (E, D) be the associated (strongly local, quasi-regular) Dirichlet form. We examine a class of lower order perturbations of (E, D), obtaining path-space integral representations of the associated semigroups. These representations are a combination of Feynman-Kac and Girsanov formulas. Let M andM be local martingale continuous additive functionals (CAFs) of X (denoted M,M ∈ M loc ), and let C be a CAF of X with paths locally of finite variation. The ordered triple (M,M, C) is a convenient way of parametrizing the perturbations we have in mind.
The quadratic variation processes M and M are PCAFs of X, with corresponding smooth Revuz measures µ M and µ M , their so-called energy measures. Similarly, C admits a smooth signed measure ν as Revuz measure.
We say that a smooth measure µ is of the Hardy class (and write Hereũ denotes a quasi-continuous m-version of u, E(u) := E(u, u), and · 2 is the norm in L 2 (m). (In the terminology of [22] , (1.1) amounts to the fact that the quadratic form u → Eũ 2 dµ (densely defined in L 2 (m)) is E 1 -bounded.) Decompose ν as the difference ν = ν + − ν − of mutually singular smooth measures ν + and ν − , and let C + (resp. C − ) be the PCAF corresponding to ν + (resp. ν − ). Let |C| denote the total variation process of the signed CAF C. Then |C| is a PCAF whose Revuz measure |ν| is (at least locally) the total variation of the signed measure ν. Our basic hypothesis is that each of the measures µ M , µ M , |ν| is of the Hardy class, and that where M [u] , M [v] are the square integrable martingale CAFs appearing in the Fukushima decomposition (2.5) below. (The covariation process M [u] , M is a CAF with paths locally of finite variation and µ M [u] ,M is the associated smooth signed measure, etc.) It is easy to check that there is a constant k ∈]0, ∞[ such that
Moreover, [u] for u ∈ D; the estimate (1.1) now makes it is easy to see that for α > α 0 ,
It follows that the semigroup (Q t ) t≥0 is positivity preserving:
e. This assertion also follows immediately from Theorem 1.1 below.
The statement of our main result requires the time reversal operators r t , t > 0, acting on the sample space Ω by [ 
Theorem 1.1. Define a multiplicative functional Z by
and a family (P t ) t≥0 of operators by 
(1.12)
The perturbation implied by the first expression for L Q in (1.12) is clearly reflected in the formula (1.8) for Z t . The second expression for L Q in (1.12) is of technical importance in the proof of Theorem 1.1; the work of Nakao [37] provides a version of this expression that is valid in the general case.
Under condition (1.2) the semigroup defined by (
In the context of elliptic operators in R d , special cases of this result can be found in [5] (M =M = 0) and [27] (M = 0); see also [28] , [23] . In the same context, a further refinement of the result presented below can be found in [48] and [29] . (1.14) with the understanding that 2 ∞ = 0. Notice that δ 0 = δ 0 (2) and α 0 = α 0 (2). Now define In section 2 we describe precisely the setting in which we shall be working, and we recall necessary facts about symmetric diffusions and their Dirichlet forms. Section 3 contains the proof of Theorem 1.1 while section 4 contains the proof of Theorem 1.2. A number of examples are discussed in section 5.
Preliminaries
As stated in the first section, our interest is in Girsanov/Feynman-Kac transformations of a symmetric Markov diffusion process X = (Ω, F, F t , X t , θ t , P x ). For general background on such diffusions we refer the reader to [17] . Getting down to specifies, we assume that the state space (E, B(E)) of X is homeomorphic to a Borel subset of some compact metric space; here B(E) is the class of Borel subsets of E. Furthermore, we assume that the transition semigroup of X, defined by
maps bB(E) (the class of bounded real-valued B(E)-measurable functions on E) into itself. In view of the symmetry of X (discussed below) this assumption of Borel measurability entails no loss of generality; see [16, §3] . To allow for the possibility that P t I E (x) < 1 for some states x ∈ E, we adjoin a cemetery state ∆ to E; the process X is sent to ∆ at its lifetime ζ. By convention any function (resp. measure) defined on E (resp. E * ) is extended to ∆ by declaring its value at ∆ (resp. {∆}) to be 0. By diffusion we mean that X is a strong Markov process such that (i) the paths [0, ζ(ω)[ t → X t (ω) are continuous, and (ii) the lifetime ζ is a predictable stopping time. For this reason we can (and do) take the sample space Ω to be the space of paths ω from [0, ∞[ to E ∪ {∆} that are E-valued and continuous on [0, ζ(ω) [ and hold the value ∆ after ζ(ω) := inf{t| ω(t) = ∆}.
In saying that X is symmetric, with symmetry measure m, we mean that m is a σ-finite
where (u, v) m := E uv dm. In this case (P t ) restricted to bB(E) ∩ L 2 (m) extends uniquely to a strongly continuous contraction semigroup in L 2 (m). Of course, (2.2) implies that this semigroup is self-adjoint. The Dirichlet form associated with X is the bilinear form
defined on the vector space
From [15, §2] and the work of Albeverio, Ma, and Röckner [3, 4] we know that the Dirichlet form (E, D) is quasi-regular. See [33] and [17] for discussions of quasi-regularity. Because X is a diffusion, the Dirichlet form (E, D) is strongly local, in the sense that E(u, v) = 0 whenever u, v ∈ D and u is constant m-a.e. on a neighborhood of the support of the measure |v| · m; see [17] or [25] .
The first exit time inf{t 
It can be shown that N ∈ B(E) is X-exceptional if and only if there is a nest of compacts {K
The functionũ is quasi-continuous in the sense that there is a nest (K n ) of compact
x -a.s. for q.e. x ∈ E, in which M [u] and N [u] are CAFs of X, M [u] is a martingale such that
This decomposition is unique, and its components M [u] and N [u] are referred to as the martingale and zero-energy parts, respectively, of A [u] . We use M (resp. N ) to denote the class of martingale CAFs of finite energy (resp. CAFs of zero energy). To define these classes precisely, introduce the mutual energy e(M, N ) of two CAFs by
whenever the limits exists. Then, writing e(M ) for e(M, M ),
and
When equipped with the inner product (M, M ) → e(M, M ), the class M is a Hilbert space. 
In consonance with the Cauchy-Schwarz inequality satisfied by e, we have, by the Kunita-Watanabe inequality [11, VII. 54 
Given t > 0 and a path ω with ζ(ω) > t, define the reversed (at time t) path r t ω by
Actually, r t is a mapping of equivalence classes of paths that coincide up to time t; thus F • r t is well defined on {t < ζ} provided F is F t -measurable. See [50] for more details. The importance of r t stems from the following amplification of the symmetry property (2.2): For every t > 0 and every positive F t -measurable function F ,
Given a CAF A of X, the even and odd parts of A are defined by the formulae
We say that A is even (resp. odd) provided
and similarly for A odd . For proofs of the facts asserted in the following proposition, see [12, 13] . [u] is −N [u] , while the odd part is A [u] . (c) Every CAF locally of finite variation is even.
then the even part of the local martingale CAF M
The odd part of a general martingale CAF can be expressed in terms of a divergence-like functional defined by S. Nakao: according to [37, Section 3] , there is a linear map Λ : M → N , such that 
A (positive) measure µ on E is said to be of the Kato class (notation µ ∈ S K ) provided an estimate of the form We now fix a triple (M,M, C) as described in section 1; especially, condition (1.2) holds. The bilinear form Q, its associated semigroup (Q t ), and the multiplicative functional Z are also as in section 1. Let (V α ) α>α0 be the resolvent associated with (Q, D). It follows immediately from (1.4) and (1.5) that (Q, D) is a quasi-regular positivity preserving form, and that the quasi notions (nest, quasi-continuity, etc.) associated with (Q, D) coincide with the analogous notions for (E, D). The same remarks apply to the restricted forms (Q (n) , D (n) ) considered below. Before embarking on the proof of Theorem 1.1, we establish some properties of Z. To this end, the following expression for Z t will be useful.
m -a.s. on {t < ζ} for each t > 0. Therefore
where
With regard to condition (ii) in part (b) of the lemma to follow, notice that ifM = M o +M [u] where M o is odd, then Λ(M ) = N [u] . For generalM , the representation Λ(M ) = N [u] is locally true, by an important result ofŌshima and Yamada [41] .
and there is a constant c 1 such that 
Let f and g be non-negative elements of L 2 (m). Then by Hölder's inequality and the expression (1.8) for Z t ,
where B t := (9/2) M t +(9/2) M t +3C + t is the PCAF with Revuz measure η. Now e 3Mt−(9/2) M t is a positive supermartingale, so E
x [e 3Mt−(9/2) M t ] ≤ 1 for q.e. x ∈ E. Thus the first factor on the right side of (3.5) is no bigger than f 2/3 2 . Because M is even, the middle factor on the right side of (3.5) is equal to
2 , (3.6) because e 3Mt−(9/2) M t is also a positive supermartingale. Finally, by [19, (3.14) ], (3.4) implies the existence of a constant c 1 such that the third factor on the right side of (3.5) is no bigger than c 1 e c1t f 1/3 2 g 1/3
2 . Combining these estimates we find that
which proves the assertion.
(b) By hypothesis there exists r > 0 such that |ρ| ≤ r for q.e. x ∈ E. Using (3.2) and the notation C + from the proof of part (a), we see that 
because exp(4J t − 8 J t ) is a martingale. In view of (3.9) and (3.11), the assertion follows from (3.8) and the Cauchy-Schwarz inequality.
(3.12)
From this it follows that
where the Stratonovich-type integral
That is, the Fukushima decomposition associated with u is for some ρ ∈ D loc . Then for each t > 0,
Proof. Because of the assumed form of Λ(M ), we haveM
t . Using this and (3.2) we factor Z as
By [37, §4] 
s .
(3.18)
We focus on the terms
s . (3.19) In view of (3.13) ,
By the injectivity of Λ : M loc → N loc , we have
(3.22)
Thus, (3.19) is equal to
which is evidently a continuous semimartingale. Feeding (3.23) into (3.18), then using Itô's formula, we obtain (after a straightforward, if tedious, calculation) the assertion of the lemma.
Proof of Theorem 1.1. We would like to take expectations of both sides of (3.16), but we must deal with the fact that the local martingale terms on the right side need not be martingales. To 
for each n and each j. Next, by (2.2), there is a strictly positive quasi-continuous function ϕ such that the measure ϕ·(µ M +µ M +|ν|) is an element of S K . Because ϕ is quasi-continuous, there is a nest {K
n ) for each n. Finally, since µ ρn is a smooth measure andρ n is quasi-continuous, there is a nest
defines a nest of compact sets. Let E n denote the fine interior of K n with respect to X. Then E n is a finely open nearly Borel set and is quasi-open.
) is a quasi-regular positivity preserving coercive closed form on L 2 (E n ; m) satisfying the same hypothesis as (Q, D) . In fact, (Q (n) , D (n) ) is related to the restriction of E to D (n) (which is the Dirichlet form of the part process X En ) in exactly the same way that (Q, D) is related to (E, D). In addition, the conditions of Lemma 3.1 and Lemma 3.2 are satisfied by X En and (
. Let τ n be the first exit time of X from E n . Then by Lemma 3.2 (applied to X En and ( 25) because u(X τn ) = 0, P m -a.s. Here was used the fact that Z (n) (resp. K (n) ), the analog of Z (resp. K) with respect to X En and (Q (n) , D (n) ), coincides with Z (resp. K) on [0, τ n [. Let {T k } be an increasing sequence of stopping times with T k ↑ ζ as k → ∞ reducing the local martingale terms on the right hand side of (3.25). Replacing t by t ∧ T k in (3.25) and taking expectations we obtain
for m-a.e. x ∈ E n . Because u is bounded, Lemma 3.1(b) permits us to conclude that, as k → ∞, the left side of (3.26) converges to E x [ũ(X t∧τn )] for m-a.e. x ∈ E n . On the other hand
for m-a.e. x ∈ E n , where
and the final inequality on the right hand side of (3.27) follows from Lemma 3.1(a). Passing to the limit in (3.25) as k → ∞, we obtain
2 (E n ; m)), by the construction of the nest {K n }, there is a sequence {g k } of non-
, which is a consequence of the fact that these resolvents are associated with quasi-regular positivity preserving forms. Indeed, the inequality is easy to prove if (V α ) α>α0 is subMarkov, hence the resolvent of a right process; the h-transform technique of section 5 of [34] allows us to reduce the general case to the subMarkov case.] Substituting u k for u in (3.29) and then passing the limit as k → ∞, we see that (3.29) is valid for all u ∈ D(L Q,(n) ), since any such u can be written as V
2 (E n ; m). That is, we have, (n) ). This implies the strong continuity of P
is a Kato class smooth measure with respect to X En . Hence
It follows that f = g, and then that
. This identity of resolvents implies that the associated semigroups (P (n) t ) and (Q (n) t ) coincide. It remains to let n → ∞. Since lim n τ n = ζ, P m -a.s., dominated convergence tells us
On the other hand, by
It follows that the resolvents of the semigroups (P t ) and (Q t ) coincide, hence so do the semigroups. Our theorem is proved.
Proof of Theorem 1.2
The proof of Theorem 1.2 is adapted from [27] but the method is well known; see [9, § 2.2] . By duality it suffices to consider the case p ∈]2,
. Then u := P t f is an element of D. By considering the nest {G n } defined by G n := {ũ < n} and the associated part space (Q (n) , D (n) ) (as in section 3), we can (and do) assume that u is bounded. Then u ∈ L p (m), and both u p−1 and u p/2 are elements of D, because |u(y)
to see that it suffices to check that
, we see that 
In view of the norm estimate proved in the preceding paragraph, we need only consider f and g in
, so the required weak continuity follows from the strong continuity of (P t ) on L 2 (m) asserted in Theorem 1.1.
Examples
Example 5.1 (Sobolev inequality, cf. [30, 44] ). Fix d > 2. Assume that a quasi-regular strongly local Dirichlet form (E, D) on L 2 (m) satisfies the following Sobolev inequality: There is a
More concretely, let E be a smooth complete d-dimensional Riemannian manifold (M, g) without boundary, with m the volume element of (M, g). It is known that if the Ricci curvature is bounded below and if the injectivity radius of (M, g) is positive, then the following global Sobolev inequality holds (see [20] ):
which is (5.1) for the Dirichlet form E(u, v) := We assume (5.6) and take M,M ∈ M loc and C to be as in the preceding paragraph. [43] to be less than 1.
